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The Laplace Transform

f(t) time function f(t)
f(t) =0 for t<O ___gv,ct

L[f(1)]= F(s) = Ojof (t)e dt

s=o+ Jo Laplace complex variable

if f(t)=g(t)
L[f()]=L[a(1)] Change of
F(s) = G(S) variable t = s
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The Laplace Transform

T 1(t)=g(y) Change of
L[f(t)]=L[g(t)] variable t = s
F(s) = G(s)

The problem is solved in the s domain X(s)

Then the solution is converted back to the time
domain

x(t) = L[X(s)] = j X(s)eds  Change of
~joo variable s = t
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Example

f(t) step function f(t)=k

f(t)=0 for t<O

f(t)=k for t>=0

L[f(t)]=F(s) = Tf(t)e“dt — Tkestdt _ k°

There are tables of Laplace
transforms for the most
common functions
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Laplace Transforms table

fn) . F(s)
Impulso unitario () 1
Escalén unitario 1(7) -:;
1
t il
82
ot 1
(n—l)! (n - 1$2}3!°") F:
et 1
§s+a
te at 1
(s + a)?
1 n—l _—at _ 1
m—11 © n=123..) G+ar
1 —at __ ,—bt 1
G (s + a)(s + b)
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Laplace Transforms table

? alb[l PET b'] GG D
10 sen wt 7z :’ o2
11 cos w! §2 _: 02
12 e~ ¥sen d;t E__a;'”i‘“_;;‘i
13 e cos wt (S—_‘%
1 Ve ¢ eV E Ean 2:2%,3 T
g - Vﬁ-?e-{wnr sen (wn '\/\/1:77{;:22 t— o) s
¢ = tan~! . 52+ 2w, + w;_
g 1- vl—-i? e~fentsen (cu.,mt + @)
2

Vi—p

— tap -1
¢ = tan .

Wy

s(s? + 2w,s + wg)
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Properties of the Laplace Trans.

L[f(t)]=F(s) = Tf(t)e‘“dt

L[af (t) + bg(t)] = aF(s) + bG(s)

AfF ()] RICHI df (0)
L_dt }—SF(S) f(0) L{ it? } F(s)—s it —1(0)
L[f(t—d)]=e™"F(s)

limf(t) = IImSI:(S) Inverse Transform

oo

L{J‘f (7)g(t — r)dr} = F(s)G(s) f(t) = L [F(S) J‘ F(s)eds

_Jw
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Properties |

L[f(t)]=F(s) = Tf(t)e‘“dt

L[af (t) + bg(t)] = aF(s) + bG(s)

L[af (t) + bg(t)] = T[af (t) + bg(t) e ™'dt = an (t)e Sdt + b]og(t)e—stdt = aF(s) + bG(s)

Joro

0

dv=df(t)dt u=e™

df () | _ 7 df (1) -«
dt}st(s)—f(O) L[ }j dt

= v="F(t) du=-sedt

judv=uv—jvdu

Joro
dt

[

{0

dt

dt

o0

e dt=[e ()] +[F(t)sedt =~F(0) +5F(s)

0
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Properties

d jotf (1)dr

dt

dt

d[ f(r)oe

d[ f(x)d
= f(t) L[Ld(:)*} =L[f(t)]= F(s)

} _ SL[ [\f («;)dr] [ty = SL[ ['f (r)dr}

: ['f (’t)d’t:| _ % F(s)
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Properties I

L[f(t—d)]=e™F(s)

L[f(t—d)]= [f(t—d)edt t-d=t t=0=rt=-d, t=co=>t=00
0

jf(t—d)e‘“dtzIf(r)e‘s(”")dr: jf(r)e gt = g jf(r)e “dr = e F(s)
0 —d 0

limf (t) = limsF(s) ~ sF(s) = ]O ) g4t 1 £(0)

0

limsF(s) = I|m

s—0 s—0

df(t) rdf()
i dt + f(0) = j i dt +f(0) =

0

=f(t) , +f(0) = f(e0) - f(0) +f(0) = f ()

Prof. Cesar de Prada, ISA, UVA 11




Properties Il

L ]Of(r)g(t—r)dr = F(5)G(s)

L_Tf (t)g(t— r)dr_ = Tﬁf (t)g(t— ‘C)d‘c}e_Stdt

_ 0LO

—-T=0 t=0=2oa=-1 t=o=a=w

t
Tﬁf(f)g(t - r)df}e“dt = Tﬁf(r)g(t - r)e“dr}dt = Tﬁf(r)g(a)es(“”)dr}da =
Tﬁ (t)e” dt}g(a)e “*da = Df(t)e dr}jg(a)e Sado, =

D (1)e” dr}j g(a)e*“do. = F(s)G(s)
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Solving linear ODEs

Example:
dy . dy du . dy(0) . ot
+2 —— =05 0)=0. —7~71=0; ty=e fort>0
dt gt YT g M y(0) dt u(®)
L d )2/+2dy +y|= du—05
dt dt dt
S2Y(S) +2sY(s) + Y(s) =sU(s) —0.5U(s) Y(s)(s2 + 23+1): (s—0.5)U(s)
s—-0.5 1 s—-05 1
Y(s) = U(s U(s)=—"—- Y(s) =
(5) s +2s5+1 (5) (5) S+ 2 (5) $?+25+1s+2

y(t) =LY (s)]= L‘les[ zciils :+L 2} )

timedomain = sdomain = timedomain
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Simple fraction decomposition

ol ol s=05 1] i[s-05 1
v =Lve)]=L Lz+25+1s+2}_|_ {(s+1)25+2}

s-05 1 a N b . ¢ _ _ _
(5+17s+2 s+2 s+1 (s+1) Partial fraction expansion
s—05 1  a(s+1) L bE+D)(s+2) c(s+2)

(s+12s+2 (s+1)(s+2) (s+1)2(s+2)+(s+1)2(s+2)
s=-1 = -15=c

s=-2 = -25=a

s=0 = -05=a+2b+2c=-55+2b = b=25

-25 25 15
+

n - |=-25e7" +2.5e™ —1.5te™
s+2 s+l (s+1)

y(t)=L"
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Transfer Function

y(t) = [g(c)u(t-oc)do

Taking Laplace transforms on both sides:

Y(s) =Lly®]=L| [g(c)u(t—oc)do | =

~L[gOLu®]=GEUE)

Y (s) =G(s)U(s) G(s) = :J(g 3 ;:ﬁ;nbﬁ)(leex
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Transfer Function

0 = Ax + BU Taking Laplace transforms
{ with zero initial conditions:

y =Cx

sX(s) = AX(5)+BU(S)  [sI-A]X(s) = BU(s)
Y(s) = CX(s)

X(s)=[sI-A]"BU(s)  Y(s)=ClsI-A|"BU(s)

Y(s)=G(E)U(s)  G(s)=ClsI-A]"B=L[g(t)]
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Transfer Function

It contains only rational

G(s)=C[sI -A]"B operations: + - * /

G(s) Is a rational function in the s variable

b s"+b, s"+..+bs+b,
as"+a S +..+a,5+a,

G(s)=C[sI-A]'B

b, s"+b, s"+..+bs+b, N(s)

G(s =
) as"+a s +..+as+a, D(s)
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Mathematical descriptions of
linearized models

dx
space =) y(t) = jg(cs)u(t —o)do
y=Cx ° Impul
pulse
1 1 response
G(s) = b,,s" +b,,,8" " +...+bs+b, _ N(s)
as"+a s +..+as+a, D(s)
Transfer
function
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Realization of a Transfer function

There are many equivalent
realizations. Minimal realization

State C(;X — AX + BU t
space t y(t) = IQ(G)U (t—o)do
y =CX 0

Impulse

t 1 response

b.s"+b, s +..+bs+b, N(s)

G(s) = —
©) as"+a s +..+as+a, D(s)

Transfer
function Matlab functions
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Transfer matrix

u, Y1
u, Yo
Y3

If the process has several inputs and outputs (MIMO)
G(s) Is a matrix which elements are transfer functions

VO] [640) GO
G(s)=C[sI-A]'B | Y,(8)|=|Gu(s) G () {Ul(s)}
| Y5(8) | [Gau(s) Gyy(s) i
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Tank. TF model

| q ’cdﬁth+ Ah = KAQ
A2h, 2
h T= K K= K
l F Taking Laplace transforms with zero IC:
L[rdAh + Ah} = L[KAq] Q(s) | K _HSS)
dt 1S +1
SH(S) +H(S) =KQ(s)  H(s)(ts+1)=KQ(s)
K K
H(s)=——Q(s) H(s) = G(s)Q(S) G(s)=
1s+1 1S+1
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RC Circuit. TF Model

R
, ——W\— - 1
| V=1R+[ldt
T E C
v —— C Ezljldt
I, c’

Taking Laplace transforms with zero initial conditions:

3 i B i 3 (RCs+1)
V(s) = LR+ L V) = LER+ L L6 = L)
1 1 1
E(S):CSII(S) E(S):Csll(s): RCS+1V(S)

V(s) | K E(s)
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Flow. TF Model

i — s —
a g rdcﬁq+Aq = K,A(Ap,) + K,Aa

Apo ................. - Takmg Laplace
transforms with zero IC:
L{rddAtq + Aq} = L[K,A(Ap,) + K,Aa] l A(s)
15Q(s) + Q(S) = Q(s) (15 +1) = K,P(s) + K,LA(S) K,
K K s+1
Q@)=+ P(s)+ 2 A(s)
S+1 S+1 P(S) Q(S)

Q) —{ <K, } P(s) | I N

s+l 1s+1]| A(s) s+l -
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Temperature. TF Model

g dAT

Vv E’ T Taking Laplace
transforms with zero IC;

L{rd;‘: + AT} = L[K,Aq + K,AV]
wST(S)+ T(s) =T(s)(zs+1) = K,Q(S) + K, V()

T(s) =

V(s)

l V(s)

KZ
s+1

K
s+11Q(S)Jr
T K1

1S+1

KZ
15 +1 Q(s)

T(s)

any
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Isothermal Reactor. TF model

CAI
aac, _ a,Ac, +b AF+b,AcC,. | l F
t L
dAc A=1B
1o = 30, #8505 + b AF CA:EB
Taking Laplace transforms with zero IC:
SCA(s) =2,,C, (8) + by, F(s) + b, C i (S) SCg(8) =a,,C, () +8,Cpq (s) + Dy, F(s)
Ca(S)s—a,,]=b;,F(s) +b,,C o (5) Co(8)[s—25]=2,Ca(8) +b,F(s)
Cal9)= 2 F(S)+ 22 C,() Col®)=_ "2 C,(0)+ 2 F@)
S—ay S—ay S—a,, S—a,,
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Block Diagram

CAI A
Co(s)= P Fe)+ 22 C, () | l "
AT s—ay, s—a, ==
5 A= B
Cols)= B C,(s)+ 2 F(s) i
s—a,, S—a,, l
| Dy
F(S) b S—ady
11
1 s—ay,
y CA(S L Cal(9)
1 by an Al )‘ U1 D ,
S—ady N S—dy N
Cai(S)

Prof. Cesar de Prada, ISA, UVA
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Block Diagram

C.(s) = ay { b, F(s) + b,,
S—d, | S—dy S—ady

CAi(S):|+ b21 F(S):

a b b a b
_| 92 R | 0 W 2 ¢ (s)=

a'21blZ

_ b.21S T a21b11 . b21a

HF(s) + Cui(s)
(S_azz)(s_an) (S_azz)(s_an) §
CAi(S) axby,
(S —dy (S B all)
F(S) > b21S + az1b11 . b21a11 ;CVD CB(S);

(S —dy )(S B all)
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(dAc, |

dt

dAcy

dt

|sothermal Reactor

_(-033 0 YAc,] (009 0333 AF
L 3  -033)Ac, | | -0.09 0 ) Ac, {

Cai(s) 1
s* +0.666s+0.111

~(s) ~0.095 +0.24 G0
s? +0.6665 +0.111 -
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Blocks In series

X(s)

U(s) Y(S)

1 Gy(S) " Gy(9)

Y(8) = G,(8)X(8) = G,(8)G4(5)U(s) = G(s)U(s)

uis) G(s) Y(s)

G(s) = G,(S)Gy(s)
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Transfer function of a PID

de(t)

u(t) = K, (e(t) + Tl [[e(dr+T, )

U(s) = K, (E(s) + Tl E(s) + T4SE(s)) = K, (L + Tl +T,5)E(s)

T,Ts*+Ts+1
TS

U(s) =K, E(s) = R(s)E(s)

E(s) U(s)
T R(s)

Prof. Cesar de Prada, ISA, UVA
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Normalized inputs

u y
u
‘ Impulse
> u
t=0 t /
ramp
u t=0 ot
t u
step ) /\Sinus
t:O >
t=0 !

Prof. Cesar de Prada, ISA, UVA
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Poles and zeros

b.s"+b,_s""+..+bs+b, N(s)
as"+a s +..+as+a, D(s)

G(s) =

Zeros of G(s) =roots of N(s) =0
Poles of G(s) =roots of D(s) =0
s-3 s—3

s°+3s+1 (s+2.618)(s+0.382)
s-3=0 zeroins=3
s°+3s+1=0 poles in s=-2.618, -0.382
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Why poles (and zeros) are important?

* As we will see later on, the type of time
response of a systems when Its input Is
changed will depend on the locations of the
poles (and zeros) of the TF model.

 In the same way, the stability of the system
IS linked to the locations of its poles.
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Gain

y
STy K= I
v 2Y AU i, equilibrium
u | | Au < =1im*") _g(g)
s—0 SU(S)

t

 K@s+)....(B,s+1)
_(’ClS—I—l)(’CZS-i—l) ...... (t

format poles-l, Zeros L and gain K. 1 time constant
T
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Poles and eigenvalues

G(s)=Cl[sI-A]'B= g’g
G(s) = Cl[sl —A]*B = CZ‘;{E: :ﬁ]] B

Poles: roots of D(s) =0
Eigenvalues: roots of  det[sl—A]=0

Eigenvalues of A = poles of G(s)

(except pole/zero cancelations)

Prof. Cesar de Prada, ISA, UVA
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Physical Existence

' q
Given a transfer
" function G(s)

: ]

'

Continuous physical

Systeml It is possible to build a
physical system which

It always K transfer function be G(s)?

exists G(s) .
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Realizability

b s"+b_s" +..+bs+b, N(s
m m-1 1 0 _
as"+a s +..+as+a, D(s)

G(s) =

In order G(S) to be physically implementable: m <n

s +2s5+1

If not: Y= 2 ) - (s+si2jws)

=" 1 ue)|

For a step change in u(t) the system should respond
with an infinite y(t): This is not possible

Prof. Cesar de Prada, ISA, UVA
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A process with (transport) delay

u: opening in the range 0 - 1 Total flow g is constant

ug l T, | T

) q. T, I
[ L, vol m _@

(1T-uyg Ty
gpc. T, (t) = u(t)apc, T, + (1-u(t))apc. Te = T (1) = u(t) T, + (1 - u(t)) T,
dVpe, T(t) _ 4T (t— 1) - Gpe. (Y _L_LA_vol

dt v VA g
V dT(t)

0t = (T, -T)u(t-7)+ T, —=T(t)  Assuming constant p, c,
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Mixture with delay

ug l TC | T .
T q. T, I
W L, vol m _@
(I-uyg Ty
VAT _ (1 1 yut-o+ T, - T(t
q dt
VdT T, , U, Steady operating
Ed—tO:(Tc_Tf)uo‘FTf _To point
V dAT(t)
0 dt = (T, -T,)Au(t—t) — AT(t)

AT(t) =T(t)-T, Au(t) = u(t) —u,
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Mixture with delay

T >
SRR
T L, vol i _@
(1-u)q
VAATW) | xrey = (T Tyau(t— ) = 1) = & =T g
q dt —s+1
q
dAT(Y) _ ¢ q(T. —T) _
=T AT AUt =) AT() =LAT()
AX() _ ax(t) + Bu(t - 1) Model with input
dt delay
y(t) = Cx(t)
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Output delay

T :
u {@ °, <DOT L, vol @
[ m
(1-u)q
\q/ LI ATO = (T-T)AU®) AT, (t+1) = AT()

dAT(t) g q(T, —T) _
=y AT(t) + v Au(t) AT, (t+1)=1.AT(1)

d x(t)

= AX(t) + Bu(t) Model with output
y(t 1) = Cx(1) delay
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Delay

K q ¥ @

|
.|. < L

V:E, T Td(t):T(t—d):T(t_\I;)
K, K,
TE)= 110+ 5 V6 y
d
Td (S) _ e_dsT(s) _ e Kl Q(S) N e K2 V(S) PR ,/_/\M
T,5+1 T,5+1

G(s)

e *KBs+D)....(B,s+1)
 (ts+)(1,5+1).....(t,5+1)

Prof. Cesar de Prada, ISA, UVA
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Pade Approximation

e *KBs+1).....(B,s+1)
(ts+1)(7,5+1)......(t,S+1)

G(s) =

G(s) with a delay d is not a rational function. If
required, the delay can be approximated by a
Taylor series expansion:

d ’ d i
o0 o 2 12 a0 o 2 Pad
approx.: d_ (ds)f . d ade
1+ =S+~ + 25 3 - :
pproximation

respp ade Prof. Cesar de Prada, ISA, UVA 43




Why studying mathematical
models?

We can predict the response of the system to an action
from the mathematical model

Many dynamic properties of the processes depend on their
mathematical model estructure. Analysing dynamics
requires to use a model

Closed loop dynamics can be completely different to the
open loop one. We need mathematical models to predict it.

Desingning good performance and robust control system
requires a model

44



Computer controlled processes

Digital controller

_____________________________________________________________________

u(kT) so0ma Actuator
; / y(t)
— Computer |— —| D/A ' Process >
| u(t)
y(kT)
4-20 mA ‘
’ Transmitter

The signals received and processed by the computer are digital,

not analog ones, and only change at the sampling times.
Prof. Cesar de Prada, ISA, UVA 45



Signals

n -
L t
Ordenador —' —| DIA *‘. Proceso
u()
KT
AL VSR NS
y(KT) ‘
Y(t)'\/
[_I, | t t
T

y(tg

‘7.

The information in the computer is updated every T time

units (the sampling period)
Prof. Cesar de Prada, ISA, UVA
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Sampled-data model

u(kT) u(t)
‘H -
L t
d x y(t)
. /. 4 —— =AX+Bu S
Ordenador u(KT) D/A u(0) dt
y = CX

y(kT)

A/D |— -

Find a model y(kT) = f( u(kT) ) such that y(kT) = y(t) at the
sampling times
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Sampled-data model

dx |
T Ax+Bu  x(t) =eMx(t,) + jeA(H) Bu(t)drt
Lo

y=Cx+Du Taking as initial and final times the

Instants kT and (k+1)T of a sampling
period:

(k+1)T

X((K+1)T) = e"Tx(KT) + j eADT-0)B(5)do
kT
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Sampled-data model

u(t)

L For a sampling period, u(t) is constant
and equal to u(kT)

(k+1) T

X((k+D)T) =e*"x(kT)+ [e** T )Bu(c)do =
KT

(k+1)T

= eATx(KT) + j eADT-9) g5 By (KT)
kT

change of variable: t1=(k+1)T-o, dt=-do

X((k +1)T) =€k (KT) (kT)

Prof. Cesar de Prada, ISA, UVA
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Sampled-data model

] x((k+1)T) = DX (KT) + Tu(KT)
" = Ax+Bu (KT) = Cx(KT)
— y _ Cx
dt ) )
y =Cx+Du D =e”' szeATdrB
0
Matlab c2d Equation in differences
u(t) _ With this type of inputs, the discretized

model provides the same values at the time
Instants t = kT than the continuous model

y(® W (Starting from the same initial state and
y(KT)e - : applying the same inputs)
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Sampled-data model

iy x((K+1)T) = dx(KT) + Tu(kT)
P y(KT) = Cx(KT)
= :
y =CX D =e?' F:jeATdrB
0

Simplified notation:

k refers to the first,
second third, etc.
sampling time

x(k +1) = Ox(k —1) + Tu(k —1)
y(k) =Cx(k)
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Example: Tank

LR X((K +1)T) = dx(KT) + Cu(kT)
%:wmm y(KT) = Cx(KT)

T
Ah =1.Ah ®=e"" = je’“dr B

0

;
®=e¢"" I'= je‘”dfc B :E(e"‘T —1)
0 (04

AR((K +D)T) = e Ah(KT) + 2 (6T —1)Au(KT)
04

Discretized model: equation in differences
Prof. Cesar de Prada, ISA, UVA 52



Example: Tank

It Aq = 0: X((K+1)T) = ®X(KT) + Tu(KT)
% — aAh + BAU Y(KT) = Cx(kT)

Ah =1.Ah Ah((k +1)T) = e*" Ah(KT) + b (e*" —1)Au(KT)

(00
S Ah((k +1)0.5) = 0.535Ah(k0.5) — 0.062Au(k0.5)
— U,k _ _ .
o= 2Ah, =-1.252  Discretized model: equation in differences
B=— VM _ -0.167
A

T=05
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Time response

X(k+1) = dx(k) + T'u(k) Initial conditions: x(0)
y(k) = Cx(k)

X(1) = dx(0) +T'u(0)

X(2) = ®x(1) + Tu(l) = ®|®x(0) + T'u(0) ]+ Tu(d) =
= ®*Xx(0) + dI'u(0) + T'u(l)

X(3) = DX(2) + Tu(2) = ®|d°x(0) + Pru(0) + Tu(l) |+ ru(2) =
= ®°x(0) + ®°Tu(0) + ®I'u(l) + L'u(2)

X(k) = ® X(O)‘I—Zq)k “Tu(i)  y(k)=Cod x(O)JrZCCDk ! 1l“u(l)
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Pulsed impulse response

(k)
i,

y(K) = CO*x(0) + ilcxp Iy (i)

“—10—0—k
° u(k)

7 o yk) T
T T
Unity inputatt =0 Response starting from zero ic.

y(k) = CO*x(0) + kZ_ic:cbk—‘-lru(i) = CO“'T =h(k)

=0

y(K) = ih(k —i)u@i)  Impulse response model
i=0
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Impulse response model

1 h(k)
y(k) = Y h(k-i)u(i) = . l .

— h(k)u(0) + h(k =)u(@) +... + h(2)u(k - 2) + h(1)u(k —1) =

k
Zh(j)u(k Ash(i)=0fori<0 and with zero
= initial conditions: u(i) =0 fori<o0:

y(K) =ih(k—i)u(i) =ih(j)u(k—j)

The system output is a linear combination of past input values
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Example: Mixture
;

»
>

q, T,

N
g B

L, vol

(1-u)q .
For =4 I/min, V=10 |, T_.=60°C,
T.~=10°C, vol=4 |, period = 0.5 min.

dATO) _ 9 7y 30Tyt oy =2 _1min
dt Y, % 4
4 05 4

D-er—e® -0905 I = j e_wdrzio(m ~10) =4.75
0

T(k +1) = 0.905T(K) + 4.75u(k — 2)
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Shift operator g4

q z(k)=z(k-1) gz(k) =z(k+1)
X(K +1) = gx(K) = ®x(k) + T'u(k)

[al — @ x(k) = Tu(k)

x(k) =[ql —®['Tu(k)

y(k) = Clal - @ ["Tu(k)

m m-1 1
y(k) _ C[ql _(D]—lr _ qu + blq_l T T bm—lfl T bm
u(k) 4 q"+a,q" +..+a .0 +a,

|

Rational funCtion Of CI Prof. Cesar de Prada, ISA, UVA
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Pulsed transfer function

" +..+b_.q +b

y(k) = Clgl —®]*Tu(k) = boqn ’ blqn_l g O (k) =
q +a, +..+a,.0g +a,
-n m m-1 1
_9 E)an +b1qn_1 +...+bm_llq +Db,] u(k) =
q[q"+aq "+..+a,,9 +a ]
g™, +bg +..+b_g™+b g™)
B -1 —n+1 —n U(k)
1+, +..+a,., +a[0
d=n-m
-1
y(k) — B(q ) U(k) q (bo + blq Tt bm—i(rlrl + bmq ) U(k)

A(g™) l1+a,g " +..+a " +aq™"
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Pulsed transfer function

B(q™ (b, +b,gt+..+b g "
y{k) = A((21; utk) = g+ glc(])l +f2q_2 - +r;jq2 utk)
A(g)y(k) = B(q)u(k)
(1+a,0" +a,q°..+a,q")y(k) =g (b, +bg™ +...+ b, g ™)u(k)
y(k)+a,y(k-1)+a,y(k-2)+...+a, y(k—n) =
bou(k —d)+b,u(k—d—1) +...+b_u(k—d—m)
y(k) =-a,y(k-1)—-a,y(k—2)—...—a,y(k—n) +
+bu(k—d)+bu(k—d-1)+...+b_u(k—d—-m)

The system output is a linear combination of past output
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Example: tank

' @ Ah((k +1)0.5) = 0.535Ah(K0.5) — 0.062Au(K0.5)
y(k) =29 ) ) = gt - ] Tu(k) =
i A@)
T —1[q - 0.535]*(~0.062)u(k) =
. | 0062 —o.oeszq-f1 0
q 0.535 1-0.535¢

Pole = Eigenvalue = 0.535
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Distributed parameters process

Partial
differential F OT(x,1) +2U(Ts(t)—T(X,t))

equation ot nrt X rpc,

oT(x,t) _

Prof. Cesar de Prada, ISA, UVA
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Distributed parameters process

ForE = cte OT(x.t) _ i oT(x,t)  2U(T,(t) = T(x,1))
ot nre oX rpC,
In equilibrium: 0—_ F oT(xt) 2U(T-T(x1))
nr® X rpC,
In terms of the OAT(X,t) _ _ F GAT(X,t)  2U(AT,(1) = AT(X,1))
dewaﬂc_ms A_T over ot mwr? o rpc,
the equilibrium:
0 Ag(tx’ Do o PATY AT (1) - AT(x, 1)

s Laplace transform with respect to t

p Laplace transform with respect to x
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Distributed parameters process

g Ag(tx’ D _ g ATNY | AT (1) = AT(x, 1))
Laplace transform s dAT(x s
with respect to t; SAT(X,s) = —a x5) , B(AT,(s) — AT(X,s))

p with respectto X sAT(p,s) = —apAT(p,s) + aAT(0,s) +B(AT.(s,p) — AT(p,s))

Shape of the Al

changes of
steam
temperature 0 L
over the heat
exchanger
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Distributed parameters process

This shape can be AT,
obtained as the

difference X
between two step ¢
changes placed a
distance from X
each other L

AT (p.5) = AT;(S) e AT;(S)

SAT(D,S) = —apAT(D,s) + aAT(0,5) + B(AT, (s) e ™

- AT(p,9))
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Distributed parameters process

1—e P

SAT(p,s) = —apAT(p,s) + aAT(0,s) + B(AT,(S)

(5+ap-+B)AT(p,S) = GAT(0,5) + BAT. (5) ==

_pPL

:SL+BAT(O,S)+ Béiﬁl ©

p+>+ p+>—+ P
0

a

AT(p,s) =

AT(s)

Double transfer function in p and s with respect to the
changes in the input temperature and the heating steam

Prof. Cesar de Prada, ISA, UVA 66



Distributed parameters process

Bloo 1-e™
_ _ AT(p,s) = AT(0,s) + AT, (s)
Taking the inverse o+ 2t 0+ STB b
Laplace transfer with " * @ o,

respect to p: (0<X <L) AT(x,s)=¢ © ﬂAT(o S)+(1-e © ) P l3AT s(S)

s+[3L s+[3
For x = L: AT(L,S)=e @ — > AT(0,s)+(l—e © ) P AT,(s)
S+ +f3
Transfer Functions L ae—ﬁj SR TR
with respect to s: first AT(L,s)=g © AT(0,5)+(L-e® & *)——AT,(s)
_ S+ S+[3
order systems with
delay T(L,s) temperature at the heat exchanger

output
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Distributed parameters process

V, volume
of the pipes

A surface of
the pipes

Delay V/F
In the
response to
changes in
the input
temperature

BL

Lige @ L, B
AT(L,s)=¢e © AT(O,5)+(1-e* e *)——=AT.(S)
S+[3 S+[3
2Unr2L
L e_ rpceF L _2UnrL B
AT(L,s)=e F AT(0,)+(1—e F e ™% )T —AT.(s)
S+[3 S+
_UA v. _UA
e pCeF _ @ Fa PCF
AT(L,s)=¢e F [pCeF} © AT(0,8)+ =5 & " AT (s)
U2nr 1P ¢ ¢ Cost1
2U U
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